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NOTE: All Section numbers, all section headings, and equation ngnabdorm (8.X) are with reference to Mukhanov and
Winitzki (M&W), Chap. 8.

TYPOS:

pg. 241. top two lines of equation. signs befgreverywhere should be reversed. (But not befﬁre
pg. 102, paragraph above (8.25). | believe “Condition B12@ds better as “Condition (8.20) in (8.21)".

pg. 103. Fig. 8.2 text. | believe the next to last senteayiag the lightcone in thex coordinates (dashed lines) hés= -a™*

is wrong and instead of that expression, it shouldbe + . See my notes below for this figure.

pg. 107, (8.40). | believe after the first equal sign ceexs to insert a factdr%r\/g.
w
pg. 108, (8.47). There should b& éBoltzmann constant) in the denominator of the RHS

Wholeness Chart for this chapter

Note there is a wholeness chart summary of this entire ctatpter end of these notes. It should help to follow dlatg
as you study the chapter.

Background for Chap 8
Other discoverers of the “Unruh” effect”

The Unruh effect was first described by Stephen Fulling if81®aul Davies in 1975 and W. G. Unruh in 1976, and is
sometimes called the Fulling—Davies—Unruh effect. It appeardtivath deduced the Unruh temperature (our final result on
pg. 13) first, however. The Unruh temperature is consideréx tthe temperature of the vacuum that an accelerated observer
would measure.

The Unruh temperature has the same form as the Hawking tempdoatbtack holes (see M&W Chap. 9), which was
discovered independently by Stephen Hawking about the samestingepccasionally called the Hawking-Unruh temperature.

What is meant by “constant” acceleration

Note that the accelerating observer in this case has constant aaoelasatheasured by her, NOT as measured in the
inertial frame oft-x. That is, the accelerating observer carries a spring-mass systehms the same displacement under the
acceleration for all time. Although that means constant acceleesisaen by the accelerating observer (who measures her own
velocity to be zero), in the inertial frame tet the accelerating observer is speeding up but can never go faster 8o from
thet-x frame, the speed of the accelerating observer approaches more slowly. In other words, the acceleration does not
seem constant from the point of view of theframe.

Frames
There are two frames we need to distinguish between. Two sliomsof space are suppressed to simplify.

1. The inertial frame from which the accelerating object (called theematiay observer here) is observed. The spacetime
coordinates used atex (X = »°, xY).

2. The accelerating frame of the object (accelerating observer). Spacetbrdinates used af€ (time) andé* (space).
M&W call this the co-moving frame&¢ = &, &Y.




Coordinate systems in these frames

For each of these frames, two different coordinate systemseae@se is the usual spacetime coordinates as shown in 1
and 2 above. The other, whose primary purpose is ostetsibiyplify analysis, is called the lightcone coordinattesy. We
explain them graphically in Fig. 1 and in text further belbisted, these are as follows.

A. Lightcone coordinates for the inertial frame of 1 aboweor@inates are andv, which are mixtures df andx, where
the transformation to the new coordinates is defined Hy— xandv =t + x.

B. Lightcone coordinates for the co-moving (accelerating) fran2eatbove. Coordinates afe and v, which are mixtures
of £% and&?, where the transformation to the new coordinates is defined by® — & and v = &%+ &*.

Explaining the lightcone coordinate system

Fig. 1 shows that the lightcone coordinate system is gimpbtation of each of theandx axes by 90 Any event with
coordinateg andx in the usual spacetime coordinates has coordinates — x andv =t + x in lightcone coordinates. The
source of the name for these coordinates is simply that thesrcaxrespond with the lightcone lines.

A similar relationship exists in the co-moving (accelerateané between the spacetime coordingt®and &' and the
lightcone coordinate§ and V.

u v
u=0(t=x)
X
v=0(t=-X)

u=t-x v=t+Xx
Figure 1. Usualt-x Coordinates vs Lightcone Coordinatesi-v
Note that each value of constantepresents the world line a massless particle would have mibgmdeft to right. Each

line of constany represents the world line for a massless particle movingfiigithto left. In this chapter, the authors only deal
with quantized fields for massless particles. (See comment a@®) 6n pg. 103.)

Distinguish between 1) the “stationary” inertial observer frame?2) the accelerating observer's fraffeé, and 3)
particles moving in spacetime as seen from each frame (which aressaashis chapter.)

A third kind of frame used in other texts

Note further that many texts employ a third inertial frameyallyt a set of inertial frames, each having the same velocity
as the accelerating object/observer at a particular instant. Eachfraoeh is a different frame, as the object/accelerating
observer has a different velocity at each instant. (There areimiteimumber of these frames.) Each of these frames is typicall
called a co-moving frame, but that terminology is used&W for the frame of 2 above.

The assumption (the “locality” assumption of general relativigy}hat the local inertial frame Minkowski coordinate
system with the same velocity as an accelerating point can béoasdlg (at one 3D point at one instant, i.e, at one event) to
accurately (on infinitesimal scales) represent the accelerating frath@tapoint. An instant later, we need another such
Minkowski coordinate system to evaluate what is going ornait instant. Etc., etc. The results of all of these Minkowski
coordinate systems can be merged to describe what is hapmamngime inside the accelerating frame. This locality
assumption is assumed, under the surface, in the M&W treatitentocal inertial frame equivalency is not noted specifically.

Obijectives of Sections 8.1 to 8.2

The whole purpose of Sects. 8.1 and 8.2 is to find theiarietrthe accelerating (co-moving) frame in terms of the
spacetime coordinateés’ and&*. This is shown in the line element (8.28),
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ds? = ezafl(( dfo)z —( dfl)z) M&W (8.28), pg. 102, @

where the metric is

2a¢t ,
accel9uw =!e . 622{1] DB, = 92(50,51) on pg. 100, 8 1E. )

This is called Rindler spacetime.

Steps to Rindler spacetime metric
M&W do the following.
1. Define lightcone coordinates (Sect. 8.1, pg. 98)

2. Find the trajectory of a single point undergooanstant acceleration (as defined above) in thegitsmary” observer
coordinates—x. (Sect 8.1 pg. 99).

3. Find trajectories it+x space of every point in the accelerating frame: jinsi one point like in 2 above). ((8.27) of Sect.
8.2,pg. 102 and Fig. 8.2, pg. 103.)

4. Find the metric for the accelerating frame.1$3.0f Sect 8.2, pg. 100 [our (2)] and (8.28), paR [our (1).

Objectives of Sections 8.3 to 8.5

The results of Sects. 8.2 are quantized in SeatvBiBconcomitant results shown in Sects. 8.4 abd 8

8.1 Accelerated motion
Lightcone coordinates(pg. 98)

Lightcone coordinates are supposed to simplify il but | believe they make it harder for newcrsmte understand
what is going on. It is one more level of abst@ttifor an already abstract phenomenon.

I would prefer teaching new students this matdnafollowing Misner, Thorne, and WheeleGravitation as referenced
in Appendix A. It doesn’t use the lightcone analysihich can be more confusing IMO. It is more ghgorward.

However, for those who wish to go the M&W route &oe forced to by the way their class is being t&uglinclude some
notes along the way below for thev lightcone coordinates.

From M&W (8.6)

u=t-x V= t+ X, M&W (8.6), pg 96 3)
du= dt— dx dw= d# d, 4)
and
u=t-x V= t+ X
V=t+X —u=-t+ x t:uJer X= —u2+ V, 5)
u+v=2t V—u=2X
dt=dU+ dv dx:—du+ dv. (©)
2 2
So with (6)
du+dv)? (—dur dv?
dszzdtz—dxzz( 5 j —( 5 ﬁ

(7)

2 2 2 2
=[du) (A, pdudv [ dy [ dyn,, dUAY gy, Mew (87) LHS
2 2 2 2 |2 2 2 2



4

which looks a little unusual in terms of wief looks like in coordinate systems we are more famiith (as that of the first
equal sign in the first row of (7)).

If on the RHS of (8.7) we take

dv
d 0 1/2][d >
ax@ =| ¢ - [du dy “=ldu djf 2 Jdudv, dvdu g (8)
dv 1/2 0 || dv ﬂj 2 2
(M) 2
ga,B

So, from (7) and (8), we get (8.7) and (8.8).

Solution to Exercise 8.1, (Prob. on pg 99. Solutiarpgs 240-41)

It is not mentioned in M&W, but one must assume tbkowing relations for tilde inertial light coneoordinates,
paralleling relations (8.6), pg. 98 for the nodeilinertial light cone coordinates, hold.

0=1-% V=1+% ( 1= %=& M&W use tildes in solution and Greestters in tex) 9)
Then use the Lorentz transformation at the bottbpgo240 in (9)

toux  xey ()t () s (1) (9 (1Y)

NN AN P ¢ v

10
g eyt ()t ow)x () () 1
v=1+%x= + = = = v=—v
J1-v2  J1-2 J1- @ JiI-¥ Jr 2 @
I (11)
T o) i
(10) and (11) disagree with M&W by the sign inrft@f they;.
M&W analysis:

_ -a? (12
GZ:L—X: ~ a*(1+v)=1-v ~ -a’-ay+1=y - -a’+l=y+a’y - rv:%( )
present analysis:

-a2 (13
azzi—:; - a?(1-v)=1+y -~ a’-a*y-1=y - y+a’y=-1+a? . N:_ng( )

The sign orv, in the Lorentz transformations at the bottom afg240 can be + or — depending on the directionysx

or plusx) of the second frame relative to the first. (Tlwrdntz factorxll—vr2 is always the same since the sigwvo$quared is
always positive. So, either way is OK, but the $farmations at bottom of pg 240 should use + sigfiront of v, to be
consistent with the relations as printed at theaiopg. 241.

8.2 Comoving frame of accelerated observer
Getting (8.28), pg. 102

The line element metric in the original inertialMdbwski frame is

ds® = df - d¥ =77, df df M&W (8.1), pg. 97 (14)

t:éeafl sinh &° x=§ & coshd  M&W (8.27), pg. 102 (15)



From (8.27) [our (15)],
dt= sinha® ¢+ & coshd & ax % coshhéd Fe siafa (16)
dt? = &2 sini? & ( ) + & sinh@® cosd &P &+ % codl % {}f

(17)
2 = % cosh éo( 61)2+ & sinha® cosBdsded % sl % E)?iz

2-d= e sini? a’o( 61)2+ & cosh & 5d()2— % co§h€4 5§!2+ Ty itk @fﬁ

=e2a<‘1(sinh2 &%- cosh a")( al)z+ éfl( coshed- siﬁh{é)( {32 (18)
=1 =1
_ zafl((dgt))z_(dgl)zj M&W (8.28), pg. 102.
Fig. 8.2, pg. 103

In the text under the figure it says “The dasheedi show the lightcone which correspondséto= —a™”. However
consider (8.27) [our (15)]. Since on the light cone +t, we have

e"“t0 - e_a‘(0 _ ea‘(0+ e‘a‘(0
2 2
for the lightcone (dashed) lines in Fig. 8.2. Timiakes sense from the figure, since xttais is foré® = 0 and the dotted lines

increase the magnitude &f as one moves away from tkexis. The limits oré® are +o and —o (see (relation on pg. 102 2/3
down the page), and the dashed lines represetintiiag case foré®.

t=ix - L& sinha®=1 & coshe - S =10, (19
a a
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Figure 2. M&W Figure 8.2 with Comments



8.3 Quantum fields in inertial and accelerated frames
s[4 =%j P, pp-a &> M&W (8.29), pg. 103 (20)

Statement at top of page 104

Note the value o§in (8.29) [our (20)] is invariant under any tramshation, asSis a world scalar. However, the form of
the integral (not just its value) will be invariaffook the same in the new coordinates as it didhi old) under some
transformations, but not others.

To saySis “conformally invariant” here means the formtibé integral is invariant under a conformal transfation. The
transformation from the “stationary” inertial frani@ the accelerating frame, as in (14) to (18)xadsformal because at any

1 1 1
event, the coordinate axes differendéanddx stretch by the same ratg to e dtand € dx. So, any angle between any
two crossing lines at that event will remain unajeth under the transformation. (See the link “Camfdrand Scale Invariant
Transformations” at the website under the titlepgn1.)

Here the new system is the accelerated system l(s(?rmd 51 spacetime coordinates. The old system is theiahert
systemt andx spacetime coordinates.

Metric change under transformation from inertiahttwelerated frame
2D case (1+1 D)
In thet-x coordinates of the inertial frame of (8.1)

ds® = df - dX =77, df df 9 =/lap = [cl) _OJ M&W (8.1), pg. 97. (21)

In the EO andf1 coordinates of the accelerated frame of (8.28) (28)],

(G R G 7 e

- @y = @ 22
0 _e2a{1 0 -1 ’7aﬁ ?2,2_, L% ( )

So,

Fo=1 (@) = e ma?=02g @3
The matrix representing"'g is just the inverse o6,z , hence
g% =qQ2¢"P M&W (8.30) pg. 104.  (24)
Thus, in the integrand of (8.29) [our (20)], we dav
%00 05\-9=0" 0, 050° /- 9= Po,05- ¢ (25)

which has the same form in both systems at anyd@t pn the system. Thus (8.29) [our (20)] is ingat in form under the
transformation. This gives us (8.31).

4D case (3+1)

Note that in full 4D spacetime the metric (for decation only iné” direction) is

1
eZaE

dt?2 - @ - dy? - dZ= &4‘1(( 60)2—( dl)zj— 4% 8% e -7 2 %% o p. (26)

But we still have, as in the 2D case,
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1 2 1 2 2
x/‘@m:\/(eza{) =¥ =0%=0%/-gp, (27)
so we don't get the cancellation of factors, a@h).

Conclusion:

The 2D case is conformally invariant, but the 4Becs not.

Getting from M&W (8.31) to the equation following i

s=3] [( j ‘( j]dtdx M&W (8.31) (28)

We only need to find the integrand in termauaindv derivatives as that gives us the value at a poispacetime (which
hast andx values in one system amdandv values in another). We then integrate over thmibekimal volume (2D really in
our case of suppressing two dimensiahgllvin theu-v coordinate system over all spacetime (again ‘fa¥ans in one spatial
dimension plus time).

Note
99 _dgdu  9pdv 99 _0pdu apov (29)
ot OJudt adv ot 00X dudx dvox
From M&W(8.6) [our (3)],
L I (30)
ot ot 0x X
Using (30) in (29), we have
a_¢:a_¢+a_¢ a_¢:—a_¢+a_¢_ (31)
ot Jdu ov oX Ju 0v
(31) in the integrand of (8.31) [our (28)] yields
(a_w)z_(a_wf:(a_ma_wf_(_a_wﬁ_wf
ot 0x ou o0v ou 0v (32)

2 2 2
au ov Juov Ju ov ouov 0w v

Using (32) as our value of the integrand in (28),then integrate this ovarv coordinates to ges of (8.31) [our (28)].

s=3] 4"‘”"% dv= 2[ aq”‘w dud M&W unlabeled equation mid pg 104 LHS. (33)

To get the RHS of the"2row of the unlabeled equation mid pg 104, we sjnipllow the above steps for the bottom row
of M&W (8.31) for the accelerated system (which h’gsandf ! spacetime coordinates afidand vV lightcone coordinates).

Getting solution form fopat bottom of pg. 104

First note that th€ in the last equation on pg 104 is different frdra® of equation (8.30) [our (24)].
Massless fields/particles

Note also that because we are dealing with masséetisles, from
2_2=-¢

m2=a)2—p2=a) - k=tw, (34)

the unlabeled equations at the bottom of pg 104eee to be (we will discuss finding these relatibalow),
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pOe M) = gl 2 gia (left moving) gl = glaned = g (right moving

50—51) g (Q{O—Kfl) _ gia ( (33)

<iQ(t+x) —i(Qt+Kx)= dar (

0 e_iQ( left moving) e = ¢ right moving)

In (35), the particles represented by the right imgsolutions have negative values for 3-momentathey move in the
opposite direction of the left moving particleseéS(8.33) where integration is only over positivéi.e., @) values, so the
negative direction particles are picked up by thhtrmoving solutions.

The easy way to fing

The solution forms (35) are obtained by M&W usihg lightcone coordinates systems and G- V. | believe it is far
easier for students to see how these solutionesafiem the spacetime coordinate systemsand£° and&®. To do that, start
with the Lagrangian (the integrand) of (8.31) [¢28)],

(5]

and plug it into the Euler-Lagrange equation

2 2
0 o oL_, 20, 00L o | P9 d%_

oxH 09, 0y ot dp Ox 0, o> x> v

A parallel development yields the same formduan the accelerating frame.

The more complicated way to firngl

Alternatively, which M&W do, one can use tlev coordinate system and take the Lagrangian asntegrand of the
relation in the middle of pg 104 [our (33)].

L =20, @, (38)
and use that in the Euler-Lagrange equation

0 0 0 0L 0L o | i
= +— -~ =0 - 0.0.0=0 O e +e . 39
oudp, O0vip, 0@ i v 39

A parallel development yields the same formdan the accelerating frame

Note on the lightcone coordinates approach

The lightcone approach will only work for masslessticles, for whichw=k, because in that casg¢ — kx= w(t— X = awu
(with comparable results fa). This seems to be another reason (other thanisitpgor new learners) to avoid the lightcone
analysis approach.

Comment at top of pg 105

“The actions in (8.31) [our (28) have a canoniaainf.” This essentially means we can use the standanonical
quantization approach, which entails interpretatbthe a7, and b}, coefficients as operators with the commutatioatiehs
(8.34).

Comment on M&W (8.33)

Note theequal sign betweethe top and bottom rows of (8.33) is due &Dbeing a world scalar. Classically, this

means it has the same numerical value at a giventess seen from any frame. Thus, it is the santbe Minkowski
frame (top row) and the Rindler frame (bottom row)is equality is assumed to carry over when wentipe, i.e., when

the classical fieldp(with a numeric value aach point) turns into a quantum fie}dcomposed of operators.

The equivalence iform of the action/Lagrangian in (8.31) for both frankesds to the equivalence in form of the top and
bottom rows of (8.33) (not just that they are equalalue, but that their form is the same).



Remark: Rindler vacuum (pgs 105-106)
Significance of the quantities in the top line af 106

The quantities, for the inertial and acceleratirggrfes respectively,

~\2 ~\2
(0.9  (049) (40)
represent energy density, since if one uses (83@)), one finds (after a fair amount of algépra
~\2 o
‘[ (6u¢) dudv:j a)(a; +%5(0)) d:o:.[ a)( |\A(w)+_%5(0)) do= H,, (41)

where we note the vacuum half quanta term. A para#lation exists for the accelerating frame. dsthe spacetime
coordinates approach instead of the lightcone doatels approach we could have found the Hamiltodi@nsity from the
Lagrangian density, integrated that over all spand,found the RHS of (41), as well.

Deducing a relation we will need
From (8.25), pg. 102,

u=-Lea M&W (8.25). w2
a
So,
a—lf:e'aﬂ: -au - u__ L (43)
ou —— Jdu au
from (8.25)

Relation (8.36)
We get the last part of (8.36) [our (44)] from @).3pg. 106, and (43).

<0R|(au&)2|oR> :(%)z <0F4(6~L¢)2|0F} :# (oN{(a Ep)z|ow} M&W (8.36). (44)

%/—/
Energy density expectation Energy density expegctatio Enegy density expectatio
valueey, of R vacuum valug, of R vacuum valuegy, of M vacuum
(measured in M frame) (measured in R frame) (measured in M frame)

~\2 ~\2
The operatov(au¢) represents the detector in the M frame (detectimgrgy). The operat raﬁ(p) represents a similar

detector in the R frame. Each such detector carsunedahe expectation value of the energy densitg fstate of particles (M
frame particles) or the energy density for a stéteparticles (R frame particles). In the case of@B[8ur (44)], the state being
measured is the vacuum state, for which one assamen zero value.

The LHS of (8.36) [our (44)] represents a measureni® be precise, the expectation value of a nreasent) of the
Rindler vacuum by a detector in the Minkowski franie equals the RHS, which comprises a facta?df/ times the
measurement of the Minkowski vacuum energy detsityg Minkowski frame detector.

From the top part of Fig. 3, afte= 0, we can see that as the R frame goes fastefaster (relative to the M frama),
gets smaller. Hence, the RHS of (8.36) [our (44)Xkdarger. This means the lowest energy statevéiheum) of the R frame
looks, from the M frame, to have more and more gyeas time goes on (starting frdms 0). This should not be too surprising,
since a system going faster and faster is gainiogerand more energy as time goes on.

From (8.36) [our (44)], we see that as the R fraapproaches the speed of light£ 0, as seen in Fig. 3), the energy
density of the R frame vacuum approaches infimityich is essentially what M&W say in this sectidie same is true as one
goes back into the distant past.then approaches zero. (The incoming R frame wasecto the speed of light and is
decelerating as time approacties 0.) Att = 0,u = — 2 in Fig. 3, whera = % for the R frame observer, so the denomindtor o

! See Klauber, Sect. 3.4.1, pg. 53-54 for a paraketment in spacetime coordinates that can ntaketbit more apparent. The
treatment there is for charged particles. Thahise area type particles ant type particles (antiparticles, actually). In M&W,
particles are chargeless, and thus, are their owipaaticles. In M&W Chap 8, thk particle notation is used for particles in the
Rindler framenot for antiparticles, as in Klauber.
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the factor on the RHS of (8.36) [our (44)] equal#\ithat time, the two frames are instantaneoasliest with respect to each
other, so they share the same vacuum state, anglyedensity expectation values of the vacuum fahesre equal.

Using (8.36) [our (44)], one should be able to ustéand the lower part of Fig. 3.

path of accelerated
observer

<T_2>/ =x att = 0 whereu =-2
a= inu=t-x

€y is energy density measured in M
frame of R vacuum and M vacuum

€u
10r> [0g>
0g>
—y> —y> 10> — 04> — 4>
At |u| value At |u] value At |u] value Aslul - O
where timet < 0 where timet = 0 where timet >> 0 whent — infinity

Figure 3. Showing M&W Equation (8.36) Graphically

In the limiting case whera = 0, the intersection of the accelerated obsdrvarreally accelerating in this case) with the
axis occurs ati = — o, and the denominator in the RHS of (8.36) [oun)4gtequal to one. Thus, the vacuum of the R and M
frames for that case is identical, as one wouldeekp

Reflections of the present author (not in M&W)

It seems one should expect the same effect we $esse above in reverse. That is, if we were to nmred®) the energy
density measured in the R frame of the R and M waxs) we should get the same sort of relationserbtittom half of Fig. 3
with M and R trading places everywhere. When tliere relative velocity between the two frames, ¢t =0, theM vacuum
in the R frame would appear equal to the R vacuuthe R frame. At other times there would be retatielocity between the
two, and at all times, the M frame would appedabodcaccelerating relative to the R frame. (This ksn@matic effect, it seems,
and independent of whether one frame feels a fofreeceleration or not.)

In other words, if we were to measure the M vacan@rgy density in the R frame, we would see itragtgr than that of
the R vacuum measured in the R frame (excefpt &, when they would be the same).

Additionally, as one can see from (8.36) [our (44)M vacuum energy really is zero, then Reacuum energy would
also be zero, regardless of the state of accaderafithe R frame. The above analysis appears telated to the %2 quanta of
the vacuum, which appear to be the only energywmeéd find in a pure vacuum.

Section 8.4 Bogolyubov transformations
Deriving (8.39)
From the lower row of (8.33) and using (8.37),
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~ o dQ 1 ioan- (007
qo-fo (271)1/2 5 (e U + e lé) lower row of M&W (8.33)
=J.w “© L e_iQaJ.w dw(aQ %~ P A%Jr))Jf & ro d"(a;z "8~ Bo Aé)
0 (27_[)1/2 20 0 w w 0 w w
M&W (8.37) complex conjug of M&W (8.37) (45)

(e _dw e dQ ([ Ciod  a-_ Qi g ~c) [ SQTp  ~x L iQFF -

_JO ( ”)1/2 0 @((e 00w e IBQCO%)) (e IBQw é)"' éljaQw L%))

_° dw (e dQ (1 jioq  _ jodg \a [ siQf Qr * |-

_JO (2”)1/2 0 20 ((e Aow e ﬁQw) % (e ﬁQw"' k:*WQIQ(A)) é) :
Comparing the last row of (45) to the top row a3@ [our (46)]

a * d —i o TR
o=, (2”;3)12 J—( “%+44%4,)  toprow, (8.33), (46)
gives (8.39).
u a a
i —iat—x) ='[°° d_Q a’Qrwe_IQ’({O_{) a 'B*Q'wéﬂ'(f —5) M&W (8.39) 7)
Jo

Deriving (8.40) top row first part

From M&W (8.39) [our (47)] multiplied byd ,

1 g jog _(° dQ' giQ _ )i (o) T '+Q)a)
%e e _-[0 \/E(GQw IBwaQ ) élj J. 0ow € /BQ'w g)
J' du g e +Qd :J':: q’ \/—(%w gi(@-0)a . i(@-q) u)
_e dQ @ Q-0 | @ o (0+Q) (48)
—JO ﬁ(aﬁw.{_wdue B Q’w_[_w dud
w dQ' " 2
= —( ag,2mo(Q' -Q) - W2T0(Q +Q) )=aqy,— -
always = 0,
a2 >0,Q" >0
Thus, from the first part of the second line arel lttst part of (48),
aQw_—\/7 j_wor glatiaa M&W (8.40) first part. (49)
A parallel procedure leads to th®,, of ((8.40), first part.
Deriving (8.40) top row second part
From (8.25),
u=-1e® . e¥=-a M&W (8.25) LHS, (50)
du= &2 d dE—~ de -4 d 51
u=e u - u:ﬁ F -5y d (51)
Also, from the RHS of (50)
i \-1Q iQ . iQ
el=—au - (&) ?¥=(-a)@a . &Uz(-aia. (52)

And,
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=-0 o u=-w U=+ - u=0 (53)

Using (51) and (52) in (8.40) [our (49)], with igr@ations limits of (53), we have
_ L (9 iwgan g L [Q0% gian_ alg (Ll
aQ'“’_Zﬂ w-'.-oo e dus 2 wj-oo © ( aQJ ( au) d
® (9,
-1 /9.[ (-au) @ Leiagy,
2\ w?—»

A parallel procedure leads to tffig,, of ((8.40), second part.

(54)

Deriving (8.40) second row
We just use integral tables to get thew of (8.40).

Relation (8.42)
From the * values of the first and last parts o403, we get M&W'’s (8.42),

laqlf = e |,BQw| M&W (8.42). 55)
Relation (8.43)
In relation (8.43), pg. 107,
<NQ> = (O | 6% B[Oy ) (Atg 1% is R frame detector measurity  paetdan M vacuur%
=(0u| ([ d@(dun & ~ Ao &) (| (wa % - Bua D)) low) MEW (8.43) (56)

All terms yield zero except the one waja, (wh|ch O(w-df)+ 8 ‘)

[ 6puc]

we are measuring the numbertoparticles in the M vacuum as seen by a particimber detector in the R frame, which is
sensitive td particles. Note that we are ignoring the % quaaid of the number operator in (8.43) [our (56)].

Interpretation of (8.43)

As M&W note at the bottom of page 107, (8.43) [¢b6)] is interpretedas the expectation value (mean number) of
particles with frequenc{ found by the accelerated observer. | have no ssaiith any of the math in this chapter, but there
may be questions about this interpretation, suchvasat exactly does a detector taken from the kirfe to the R frame
measure?’ And is all of the analysis applicablaeuerse? That is, would an R frame detector brougb the M frame
measure, according to the math, detect a numhbgartitles in the vacuum with frequenaf | am not a researcher in this field,
have not delved into these questions, and wouldegjgie feedback from any reader with more insigtd the issue (via the
feedback link at the website shown at the beginoirtjese notes).

Deriving (8.45)
From (8.44) [our (57)]

N da)(|a9w|2 —|ﬁQw|2) =5(0) M&W (8.44) (57)

and inserting (8.42) [our (55)], we have

0 2mQ © 2mQ
Iy ol ™ ol Al = [} ef €% -1 uf?=(0), o )
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® o(0 ~
Js dw|ﬁQw|2:2”£)—): (Ng) M&W (8.45). (59)
e from (8.43)
and LHS here
Note ond(0) and (8.46)
From
SBlk-k)=—L [ d6M)x g3 530)=—L [ Lok=—Ye_, 60
( ) (2”)3J. ( ) (277)3". (2”_)3 ( )

whereV,, is the infinite volume of space, and M&W udewhere we us&>. So when M&W equatd (0) to V, they mean
infinite volume and are ignoring a factor of (Zﬁin (8.46) [our (61)]. Using (60) in (59),

\%
8. N
% =<NQ> - <n§2> =< VQ> = ; 12”9 M&W (8.46) except for (8° factor (61)
ed -1 (2n) (eT—

Bose-Einstein distribution

The probability density (for finding a particle emergyE in a collection of particles at temperatdrefor bosons is the
Bose-Einstein distribution, proportional to the Rbf362),

1
Pe-ge—¢—, (62)
ekT -1

wherek is the Boltzmann constant.

Unruh temperature
Comparing (62) to (61), whefe = E,

__an
k2rrc

It appears there is a typo in (8.47) whkie left out.

T =% (naturalunity T ( MKS unifs  M&W (8.47) except for typt factor (63)
T

Note7i = 6.63 X 10** J-s,k = 1.38 X 10° J/degree, and= 3.00 X 18 m/s. Meaning
T= (1.60x 1017) a  (MKS syster, (64)

and justifying M&W'’s statement that the acceleratiequired to produce a measurable temperatumoisr®us. So we would
need an enormous amount of energy to acceleratdrahee of the accelerated observer to a level wleteény Unruh
temperature would be seen (representing a tiny atafuhermal energy in the particles causing taatperature.)

Summary of Chapter

As noted at the beginning, the wholeness chatieaehd of these notes is a good summary of theeestiapter. An even
briefer summary may be the following, which trattes chain of logic and analysis leading to the WrEffect.
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Classical GR for accel frame. Rindler metric - @has same value and form in R and M frames

quantize ¢z now an operator)- bt in terms ofa: (Bogolyubov transf) - |aQw| =e |,BQw|

normaliz cond, soIvefoj.goda)|,[3’9w|2 - <NQ> <0M |0|v| .[ dw|,5§2w|

No = <NQ> /V Bose-Einstein thermal distribution with definede

Additional Points to Consider (Not mentioned in M&W. Present author’s perspective.)

The thermal bath of particles at the Unruh temperea(64) seen in the Rindler framerist from the 2 quanta of the
vacuum. It arises from the apparent difference betwthe Minkowski and Rindler frames, which givisg tto particles in the
Rindler frame that are not seen in the Minkows&nie.

Indeed, if we include the %2 quanta terms (ignorefdie) in (8.43) [our (56)], then [see (6.43) pg &8 number operator
inside integral to findH including ¥2 quanta]

<NQ> =(0y |th:§2 + 15 (0)|Gy) LHS of M&W (8.43) including ¥z quanta contributio  (65)

Theb operators, as we have seen in (8.43) to (8.4&) e to the thermal bath seen in the Rindler é&ahihe %2 quanta
terms are not involved. In fact, in terms of thenter operator of (8.43) [our (65)] of the Rindlemrhe, the contribution is the

same as that found in the Minkowski frame fibg,, ie., 1/zf)'(g’)(O).

In the next to last paragraph on pg 108, M&W seerauggest the ¥2 quanta (“vacuum fluctuations”) miedihe energy
flow to the Rindler frame that causes the thernahblt is difficult for me to see how this worKshere are no %2 quanta
interaction terms in any of our relationships; nogling between those terms and eitheraloeb particle types.

In this context, commonly heard claims that the Wneffect provides evidence of the existence of‘thquanta in the
vacuum may seem perplexing.

Appendix A for these notes: The difference betweeaccelerated metric in M&W and MTW

Compare M&W (8.28), pg 102, [our (18)] with unprichaccelerated frame coordinates to Misner, Thaand,Wheeler's
Gravitation (Freeman 1971) (MTW) (6.17) pg. 173, [our (66)1hwprimed accelerated frame coordinates. (Note M3 a
different sign convention for their metric. The = negative of M&Wds".)

—d= (1+ a{i)z( d{o)z —( d;fi)2 MTW (6 18), pg. 173 (66)
Where (8.27) [our (15)] compares to MTW (6.17), bg3 [our (67)]
t:(§+fl'jsinh s’ X= Guﬂj coshd® MTW (6.17), pg. 173 (67)
One set of coordinates can be transformed to tier etith
R e R o = I

The M&W coordinates (unprimed) were chosen becli&®V seek a conformally flat metric. (See (8.15),. 440, and
comment above that equation.)
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M&W Chap 8 Wholeness Chart
for Unruh Radiation

Robert D. Klaubevww.quantumfieldtheory.info

Key Step Math Relation Note/Derivation | M&W
Metric in 10
inertial sys ds* = df' - dX S =Ty = [ —1} 8.1)
Trajectory of
acheI ’ t=gsinhar 2_2_1 (8.14)
X—tc= Classical GR .
observer (2D x=Lcosha Fig. 8.1
spacetime) a
. 51 . 0 P —
Trajectory of tzea;smhaf afl At origin (&= 8.27
each point in a | Z-t?= e2a2 &0=1 0), get (8.14) F(i ' 8)2
accel frame x=£cosh &° above 9. .
o 2agl r Find dt anddx
1 € 0 111 0
MOSIAL a5’ = €% (ae)’ (o)’ | g, = =€ _} from (8.27) & | (8.28)
0 - L plug into (8.1)
2 2 2 Due to conformal
0 0 0
coemel | =3[ (2] (2] Joor ] [ 28] (22 | 0wt | omaiz | wan
0¢° 0¢ Good for 2D.
Massless Scalar Field
~ o dw it t-x left- Sol to Eul-Lagr
Inertial sys p= Jo T[ “ ) + 4l J moving) eq k = wfor (8.33)
( ) massless field)
~ o dQ 1 | -io(e-g)e_ io(e%-g)- ( left- ) Same form as
Accel sys Y= - € +€ + i above due to “
Y J.o (277)1/2 ’_ZQ[ B B moving (8.31)
Bogolyubov A (o e A Complex conjug
trar(i’s,fy bo =Io d“’[agwaw’“ﬂgwa;] - i (8.37)
Rel between (8.37) in (8.33)
00& Bow |0'Qw| =e |,39w| & manipulating (8.42)
Occupatn < A o 2
. P (Ng )= (0w |58 0v ) = [ deffBe RHS from (8.37)| (8.43)
g o d“’[|"9w|2 ‘|ﬁ9w|2] =9(0) (8.44)
) . v (8.42) in (8.44),
(No)=75m—9(0) 5(0)=—= [dedBagfin | (8.45)
(eT —1) (27)
(8.43)
<NQ> 1 M&W omit
Num densit Ng = = 8.46
y VA (2ﬂ)3(e@ ~ factor of (273° (8.46)
ah Compare (8.46)
Unruhtemp | T= (natural unit$ T—%—( 168 1137) a( MKSunit | to Bose-Einstein| (8.47)

distribution




